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The upper bound of the speed of sound in dense nuclear matter is one of the most interesting
but still unsolved problems in Nuclear Physics. Theoretical studies in connection with recent ob-
servational data of isolated neutron stars as well as binary neutron stars systems offer an excellent
opportunity to shed light on this problem. In the present work, we suggest a method to directly re-
late the measured tidal deformability (polarizability) of binary neutron stars system (before merger)
to the maximum neutron star mass scenario and possible upper bound on the speed of sound. This
method is based on the simple but efficient idea that while the upper limit of the effective tidal
deformability favors soft equations of state, the recent high measured values of neutron star mass
favor stiff ones. In the present work, firstly, using a simple well established model we parametrize the
stiffness of the equation of state with the help of the speed of sound. Secondly, in comparison with
the recent observations by LIGO/VIRGO collaboration of two events, GW170817 and GW190425,
we suggest possible robust constraints. Moreover, we evaluate and postulate, in the framework of
the present method, what kind of future measurements could help us to improve the stringent of
the constraints on the neutron star equation of state.
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I. INTRODUCTION
The properties of dense nuclear matter still remain one
of the unsolved problems in Nuclear Physics. Due to the
limitation of terrestrial experiments, concerning the high
density behavior of nuclear matter, the scientific com-
munity focuses on studying compacts objects of the Uni-
verse, including mainly white dwarfs and neutron stars.
In particular, neutron stars considered as the best ex-
traterrestrial laboratories to study unexplored properties
of dense matter [1–4]. One of these properties is the limit
of the speed of sound in dense matter and in particular
the exploration of possible upper bounds predicted by
various theoretical models or even intuition conjectures.
To be more specific, the main assumption is that the
speed of sound cannot exceed the speed of light be-
cause of causality. However, this is not a rigorous proof.
Zel’dovich [5, 6] was the first pointed out the importance
to define a rigorous speed of sound limit upon the equa-
tion of state (EoS). Firstly, he postulated that in the case
of electromagnetic interaction, the covariant formulation
suggests that the assumption vs ≤ c/
√
3 is a general
low of nature. Then, using some simple assumptions,
he stated that considering the case of interaction of the
baryons through a vector field, the upper bound of the
speed of sound is the speed of light, vs = c. His main
conclusion was that in the domain, where our knowledge
is limited, the only restriction imposed by general prin-
ciples is that vs ≤ c [5, 6]. Hartle [7], in an interesting
and extensive study, pointed out that causality is not
enough to constrain the high-density part of the EoS.
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Weinberg [4] showed that the speed of sound is much less
than the speed of light for a cold nonrelativistic uid. Al-
though it increases with temperature, it does not exceed
the value vs = c/
√
3 at the limit of very high tempera-
tures. Recently, Bedaque and Steiner [8] have provided
simple arguments that support the limit vs = c/
√
3 in
nonrelativistic and/or weakly coupled theories. This was
demonstrated in several classes of strongly coupled the-
ories with gravity duals. The upper limit saturated only
in conformal theories. In particular, in Ref. [8] the au-
thors found also that the existence of neutron stars with
masses about two solar masses, combined with the knowl-
edge of the EoS of hadronic matter at low densities, is
not consistent with the bound c/
√
3. The effects and
possible constraints on the speed of sound on the tidal
deformability have been analyzed and discussed also in
Refs. [9–12].
Summarizing, there are two controversial considera-
tions for the upper bound in the speed of sound of dense
matter. In first one, the only limitation is imposed by
the demand of causality where the speed of sound should
not exceed the one of light. Other non relativistic models,
employing microscopic interactions lead also to uncasual
EoSs (the most remarkable example is the EoS of Akmal
et al. [13]). In the second case, various theoretical consid-
erations predict as the upper limit on the speed of sound
the value vs = c/
√
3. There is also an additional, im-
portant reason to look out for constraints on the speed
of sound and especially for the lower limit vs = c/
√
3,
since is related to the existence or not of quark-matter
cores in neutron stars or, in general, to the existence of
quark stars (for a review see Refs. [14, 15]). Finally, is
worth mentioning that there are other theories where the
possibility that the speed of sound is exceeding that of
light in ultradense matter, is examined (see for example
Ref. [16]). However, in the present study we are not going
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2to discuss the implications of this interesting possibility.
The main motivation of the present work is the im-
plementation of a method directly related to the mea-
sured tidal deformability (polarizability) of binary neu-
tron stars system (before merger), to the maximum neu-
tron star mass measurements and also to possible upper
bounds on the speed of sound. The method is based on
the simple but efficient idea that while the upper limit
of the effective tidal deformability favors soft EoSs, the
recent high measured values of neutron star mass favor
stiff ones. The starting point is the use of a simple model
where the neutron star EoS parametrized with the help
of various speed of sound bounds, and in this way its
stifness (softness), is a functional of the speed of sound
and the transtion density. The predictions are combined
with the recent observations of two events, GW170817
and GW190425 [17–20], as well as the current observed
maximum neutron star masses (1.908 ± 0.016M [21],
2.01± 0.04M [22], 2.14+0.10−0.09M [23], 2.27+0.17−0.15M [24])
(for more details see Ref. [25]). The interplay between
the demand of a) a soft EoS for low densities (in order
to be in accordance with the upper limit of the tidal de-
formability) and b) a stiff EoS for high densities (in order
to predict the high neutron star measurements) leads to
robust constraints on the EoS. Moreover, employing the
present method we will be able to postulate what kind of
future measurements could help us to improve the strin-
gent of the constraints.
In view of the previous statement, we mention the very
recent observation of the GW190814 event,where a grav-
itational wave has been detected from the coalescence of
a 22.2−24.3M black hole with a non-identified compact
object with mass 2.5 − 2.67 M [26, 27]. Although the
authors suggest that is unlikely the secondary mass to
belong to a neutron star, they do leave open the window
that the improved knowledge of the neutron star EoS
and further observations of the astrophysical population
of compact objects could alter this assessment.
The paper is organized as follows: In Sec. II we briefly
present the model for the parametrization of the EoS with
the help of the speed of sound which leads also to the
maximum mass configuration. In Sec. III we present the
basic formalism related to the tidal deformability used
in the present study. The results are presented and dis-
cussed in Sec. IV. The main conclusions of the present
study are presented in Sec. V.
II. SPEED OF SOUND BOUNDS AND
NEUTRON STAR EOS
We have constructed the maximum mass configuration
with the properly parametrization of the neutron star
EoS [28–36]
P (E) =

Pcrust(E), E ≤ Ec−edge
PNM(E), Ec−edge ≤ E ≤ Etr(
vs
c
)2
(E − Etr) + PNM(Etr), Etr ≤ E .
(1)
where P and E are the pressure and energy density, re-
spectively, and Etr is the transition energy density. In
region E ≤ Ec−edge, we used the equation of Feynman
et al. [37] and also of Baym et al. [38] for the crust and
low densities of neutron star. In the intermediate region,
Ec−edge ≤ E ≤ Etr, we employed a specific EoS based on
the MDI model and data from Akmal et al. [13], while
for Etr ≥ E , the EoS is maximally stiff with the speed of
sound, defined as vs = c
√
(∂P/∂E)
S
(where S is the en-
tropy) fixed in the present work on the two values, c/
√
3
and c. Obviously, the implementation of speed of sound
values between these two limits will lead to results well
constrained by the two mentioned limits. Although the
energy densities below the Ec−edge have negligible effects
on the maximum mass configuration, we used them in
calculations for the accurate estimation of the tidal de-
formability. The cases which took effect in this study
were the ones where the fiducial baryon transition den-
sity is ntr = pn0, where n0 is the saturation density of
symmetric nuclear matter (n0 = 0.16 fm
−3) and p takes
the values 1, 1.5, 2, 3. The predicted EoSs are functional
of ntr and vs and implemented to study their effects on
the bulk neutron star properties including Mmax, Rmax,
Λ˜, etc.
In approach (1) the continuity on the EoS is well en-
sured but due to its artificial character, the continuity in
the speed of sound at the transition density is not. It is
worth to point out that, since the speed of sound is in-
volved in the calculation of the tidal deformability, must
be treated very carefully especially in regions of discon-
tinuity [39]. Therefore, in order to ensure the continuity
and a smooth phase transition, we employ a method pre-
sented in Ref. [40]. We proceeded with the matching of
the EoSs on the transition density by considering that,
above this value, the speed of sound is parametrized as
follows (for more details see Ref. [40])
vs
c
=
(
a− c1 exp
[
− (n− c2)
2
w2
])1/2
, a = 1, 1/3 (2)
where the parameters c1, c2, and w are fit to the speed of
sound and its derivative at ntr, and also to the demands
vs(ntr) = [c, c/
√
3] [28]. Using Eq. (2), the EoS for n ≥
ntr can be constructed with the help of the following
recipe [40]
Ei+1 = Ei + ∆E , Pi+1 = Pi +
(vs
c
(ni)
)2
∆E , (3)
∆E = ∆n
(Ei + Pi
ni
)
, (4)
3∆n = ni+1 − ni. (5)
It is worth to mention that the results for the bulk neu-
tron star properties of the approach where discontinuity
is presented and the one where continuity exhibits are
presented in Table V of Ref. [28]. The main conclusion
was that the two approaches converge and consequently
the effects of the discontinuity are negligible.
III. TIDAL DEFORMABILITY
It is expected that one of the most important sources
for ground-based gravitational wave detectors are the
gravitational waves from the final stages of inspiraling
binary neutron stars [41–48]. The masses of the com-
ponents of the system can be determined with moderate
accuracy, especially if neutron stars are slowly spinning
during the early stages of the evolution. In particular,
Flanagan and Hinderer [42] have pointed out that tidal
effects are also potentially measurable during the early
part of the evolution when the waveform is relatively
clean.
The tidal fields induce quadrupole moments on neu-
tron stars. The response of the neutron star is described
by the dimensionless so-called Love number k2, which
depends on the neutron star structure and consequently
on the mass and the EoS of the nuclear matter. The
tidal Love number k2 is obtained from the ratio of the
induced quadrupole moment Qij to the applied tidal field
Eij [42, 49]
Qij = −2
3
k2
R5
G
Eij ≡ −λEij , (6)
where R is the neutron star radius and λ = 2R5k2/3G
is the tidal deformability. The tidal Love number k2 is
given by [42, 43]
k2 =
8β5
5
(1− 2β)2 [2− yR + (yR − 1)2β]
×
[
2β (6− 3yR + 3β(5yR − 8))
+ 4β3
(
13− 11yR + β(3yR − 2) + 2β2(1 + yR)
)
+ 3 (1− 2β)2 [2− yR + 2β(yR − 1)] ln (1− 2β)
]−1
(7)
where β = GM/Rc2 is the compactness parameter. The
quantity yR is determined by solving the following differ-
ential equation
r
dy(r)
dr
+ y2(r) + y(r)F (r) + r2Q(r) = 0, (8)
with the initial condition y(0) = 2 [45]. F (r) and Q(r)
are functionals of E(r), P (r) and M(r) defined as [45, 46]
F (r) =
[
1− 4pir
2G
c4
(E(r)− P (r))
]
e2λ(r), (9)
and
r2Q(r) =
4pir2G
c4
[
5E(r) + 9P (r) + E(r) + P (r)
∂P (r)/∂E(r)
]
× e2λ(r) − 6e2λ(r)
− 4M
2(r)G2
r2c4
(
1 +
4pir3P (r)
M(r)c2
)2
e4λ(r), (10)
where
e2λ(r) =
(
1− 2M(r)G
rc2
)−1
, (11)
is the metric function for a spherical star [2].
Eq. (8) must be integrated self consistently with the
Tolman-Oppenheimer-Volkov (TOV) equations using the
boundary conditions y(0) = 2, P (0) = Pc and M(0) =
0 [39, 43]. The solution of the TOV equations provides
the mass M and radius R of the neutron star, while the
corresponding solution of the differential Eq. (8) provides
the value of yR = y(R). The latter along with the quan-
tity β are the basic ingredients of the tidal Love number
k2.
One of the binary parameters that is well constrained
by the gravitational wave detectors is the chirp massMc,
which is a combination of the component masses [17, 19]
Mc = (m1m2)
3/5
(m1 +m2)1/5
= m1
q3/5
(1 + q)1/5
, (12)
where m1 is the mass of the heavier component star and
m2 is the lighter’s one. Hence, the binary mass ratio
q = m2/m1 is within 0 ≤ q ≤ 1.
The gravitational waves transfer the information about
the tidal effects which in a binary system is characterized
by the averaged tidal deformability [17, 19]
Λ˜ =
16
13
(12q + 1)Λ1 + (12 + q)q
4Λ2
(1 + q)5
, (13)
where the key quantity q characterizes the mass asym-
metry. Moreover, Λi is the dimensionless deformability
defined as [17, 19]
Λi =
2
3
k2
(
Ric
2
MiG
)5
≡ 2
3
k2β
−5
i , i = 1, 2. (14)
Now, by replacing in Eq. (14) the value of k2 from Eq. (7),
we found that Λi depends both on the compactness of the
star as well as on the value of y(R).
It is worth to point out that Λi depends directly on
the stiffness of the EoS through the compactness β and
also indirectly through the speed of sound which appears
in Eq. (10). Moreover, due to the dependence of Λi on
the values of y(R) (which affected on the structure of the
crust), useful information can be gained for the observa-
tional estimation (or constraints) on the tidal deforma-
bility. In other words, the specific structure of an EoS
defines not only the tread of the M-R diagrams but also
4the tread of Λ − R and Λ −M diagrams. To be more
specific, the present study bases its inspiration on the
combination of constraints from (a) the very recent ob-
servations of the maximum mass of neutron stars and (b)
tidal deformability derived by the LIGO observations, in
order to impose, if it is possible, robust constraints on
the speed of sound in dense matter.
IV. RESULTS AND DISCUSSION
In our study we used two extreme scenarios for the
value of speed of sound, the lower bound of (vs/c)
2 = 1/3
and the upper one of (vs/c)
2 = 1, and four transition
densities ntr = {1, 1.5, 2, 3}n0 [28]. By solving numeri-
cally the system of TOV equations of hydrostatic equi-
librium for an isolated cold neutron star, combined with
the bounds above, we obtained the mass-radius diagram
(see Fig. 1). In Fig. 1 the red colored lines correspond to
the (vs/c)
2 = 1/3 limit, while the green ones correspond
to the (vs/c)
2 = 1 limit. The transition densities lead to
bifurcations in M-R diagram. Between the same kind of
linestyle, the upper (lower) bound vs = c (vc = c/
√
3)
of speed of sound corresponds to higher (lower) masses.
As shown in Fig. 1, the higher the transition density,
the softer the EoS, with the lower limit of (vs/c)
2 = 1/3
leading to a more soft EoS, compare to the (vs/c)
2 = 1
branch. In addition, the estimation of the GW170817
event and the NICER’s data are also displayed [18, 50].
One can observe that the GW170817 event of a binary
neutron star merger provides stringent constraints, com-
pared to data of NICER’s observation. In particular,
while NICER favors stiffer EoSs, GW170817 event fa-
vors softer. We notice that despite the fact that there is
a significant overlap between the two observations, mean-
ing that there is an agreement, the specific gravitational-
wave’s origin (GW170817) information is more suitable
for our study. This is due to the fact that while the
NICER’s contour estimation covers almost all the cases,
the neutron stars merger that was detected (GW170817),
restricts the cases, excluding at least those with transi-
tion density ntr = n0, for both cases of speed of sound.
In Fig. 2 we display the constraints on pressure-rest
mass density diagram form LIGO [18] as well as the rele-
vant predictions for the speed of sound bounds from the
present work. To be more specific, the collaboration of
Ref. [18] used a spectral EOS parametrization in combi-
nation with the requirement that the EoS must support
neutron stars up to at least 1.97M. In Fig. 2 the pos-
terior analysis is indicated. According to Ref. [18] the
pressure posterior is shifted from the 90% credible prior
region and towards the soft floor of the parametrized fam-
ily of EoS. This means that the posterior is indicating
support for softer EoS than the prior. In Fig. 2 is also
displayed the implemented APR1-MDI EoS (which is the
basis for the calculations) where the various branches
correspond to the implementation of the bounds on the
speed of sound. The change on the tread of the APR1-
FIG. 1. Mass vs radius for an isolated neutron star, for the
two cases of speed of sound. The green (red) lines correspond
to the upper (lower) bound. The purple diagonal shaded re-
gion corresponds to NICER’s observation (data taken from
Ref. [50]), while the blue upper (orange lower) shaded region
corresponds to the higher (smaller) component of GW170817
event (data retrieved from Ref. [18]). The solid (dashed) con-
tour lines describe the 90% (50%) confidence interval.
FIG. 2. Pressure vs rest mass density. The green (red)
lines correspond to the upper (lower) limit for the speed of
sound. Between the same kind of linestyle, the upper (lower)
limit for the speed of sound coresponds to higher (lower)
curves for each branch. The shaded region corresponds to
the GW170817 estimation (data from Ref. [18]). The solid
black line corresponds to the APR1-MDI EoS [13, 28]. The
vertical black lines indicate the transition density ntr.
5FIG. 3. The tidal deformability Λ˜ as a function of the binary mass ratio q for the event (a) GW170817 and (b) GW190425.
The corresponding upper observation limits for Λ˜ are also indicated, with the grey shaded region marking the excluded area.
The red (green) lines correspond to the (vs/c)
2 = 1/3 ((vs/c)
2 = 1) limit. Between the same kind of linestyle, the upper (lower)
limit for the speed of sound coresponds to higher (lower) curves for each case. On the left panel, the black dashed line (with
arrows) indicates the upper limit for Λ˜ from the reanalysis of the signal (see Ref. [19]). On the right panel, the black dashed
line (with arrows) corresponds to the upper bound for Λ˜ [20].
MDI EoS around 3.5n0 is due to the parametrization of
the MDI model in order to reproduce accurately the pre-
dictions of the APR1 EoS (for more details see Ref. [25]).
Obviously, the comparison leads to the main conclusion
that any neutron star EoS that exhibits strong stiffness
at low densities must be excluded. Moreover, the lower
bound c/
√
3 must be reached only at densities higher
than 1.5n0 in order to be in accordance with the pre-
diction of the LIGO. However, at higher densities the
lower limit c/
√
3 must be violated in order to ensure stiff
enough EoS. Actually, the present comparison supports
the previous findings and conclusions.
The case of binary neutron stars mergers offers a
unique physical laboratory, suitable for studying the
macroscopic properties of neutron stars (such as their
mass, radius, tidal deformability and moment of iner-
tia) compared to their microscopic angle of view (EoS,
pressure, density, nuclear parameters etc.). The effective
tidal deformability, which is a binary combination of the
tidal deformability of each component star, is a parame-
ter which is appropriate to link the two scale approaches
and contain information about the EoS (see Eq. (13)).
This information is imprinted in the gravitational-wave
signal as the leading-order of tidal effects in the wave-
form. Therefore, it can be measured by the gravitational-
wave detectors [17].
As it was mentioned above, our study takes into con-
sideration the information from the gravitational wave
emission of binary neutron stars coalescences. Hence, we
used the constraints on the effective tidal deformability
Λ˜, provided by the events GW170817 and GW190425
(we focus only on the low-spin scenario in order to be
consistent with the known galactic binary neutron star
systems, however, the chirp mass of the second event
is not consistent with them [20]). At first, the effec-
tive tidal deformability Λ˜ for the GW170817 event was
constrained as Λ˜ ≤ 800 (corrected as Λ˜ ≤ 900, with a
chirp mass value of Mc = 1.188 M [17]), but after
a reanalysis of the detection’s data by LIGO, the con-
straint on Λ˜ estimated to be Λ˜ ≤ 720, with a renewed
value of chirp mass Mc = 1.186 M, all at the 90%
conficence level [19]. For the first event GW170817, we
choosed the component masses to vary within the range
provided by LIGO, which means m1 ∈ (1.36, 1.60) M
and m2 ∈ (1.16, 1.36) M [19]. To be more specific,
by combining the range of one of the component masses
and Eq. (12), the other component mass can be deter-
mined. Hence, the binary mass ratio’s range q is known
and therefore the effective tidal deformability, provided
by Eq. (13), can be presented as a function of the EoS,
the binary mass ratio, and the individual tidal deforma-
bilities Λ˜ = Λ˜(Λ1,Λ2, q;EoS).
The effective tidal deformability Λ˜ is shown in Fig. 3,
for both events. We notice that in the case of GW190425
event, the chirp mass was measured to be Mc =
1.44 M [20], with the heavier component star’s mass
in our study to vary in the range m1 ∈ (1.654, 1.894) and
the lighter’s mass to be m2 ∈ (1.45, 1.654). Our choice
for these values is based on the fact that even if the chirp
mass is well determined by the gravitational-waves detec-
tors, the range of the component masses has an overlap,
and a strict common equal-mass bound has not been well
defined [20]. Therefore, we modify the mass range of the
system in such a way that the binary mass ratio is q ≤ 1.
6FIG. 4. Λ1 − Λ2 diagram for the event (a) GW170817 and (b) GW190425. On the left panel, the shaded region corresponds
to the posterior sample of the event [19]. The solid (dashed) contour line indicates the 90% (50%) credible region. The grey
dashed line corresponds to the Λ1 = Λ2 = Λ˜ case. The EoSs with ntr = 1, 1.5 n0 are beyond the credible regions. On the right
panel, the shaded regions correspond to three different waveform models [20]. The PhenomPNRT-LS model (orange) is the
one we use for the upper limit on Λ˜. We notice that these posteriors disfavor low values of Λ˜, therefore their regions cannot
provide appropriate constraints [20].
Other estimations regarding to the range of masses were
given in Ref. [51]. The upper limit for Λ˜, derived from
GW190425 event, was determined as Λ˜ ≤ 600 [20]. The
diagram of Λ˜ as a function of q, in combination with the
constraints on Λ˜ can highlight the possible constraints on
the EoS. Especially, the upper limit on Λ˜ in Fig. 3(a), pro-
vided by GW170817, leads to the exclusion of both cases
of speed of sound for transition densities ntr = 1, 1.5 n0.
By comparing this result to Fig. 1, in which the tran-
sition density ntr = 1.5n0 was not very clear if it is in
agreement with the gravitational-waves observation, we
understood the extra tool that this diagram offered us. In
particular, in Fig. 3 the constraints on the upper limit of
Λ˜ distinguish in a more efficient way the cases that must
be excluded. Moreover, for the second event in Fig. 3(b),
we observed that in general all EoSs are shifted to lower
values of Λ˜. This behavior is because of the higher value
of chirp mass and the component masses. Contrary to
the GW170817 event, the upper limit on Λ˜, provided by
GW190425 event, excludes only the EoS with transistion
density ntr = n0, for both sound speed cases. For both
events, the EoSs with higher values of transition density
ntr have smaller values of Λ˜. This means that the con-
straints on Λ˜ derived from gravitational-waves events fa-
vor softer EoSs. We mention here that for the GW190425
event, we removed from our study the cases with transi-
tion density ntr = 3 n0 because of the fact that the EoS
with (vs/c)
2 = 1/3 and ntr = 3n0 can not reproduce the
masses of this event.
Another tool that is helpful for studying the EoS of
dense matter through the tidal deformabilities, as de-
rived from gravitational wave events, is the construction
of Λ2 −Λ1 space diagram. Similar to the previous study
for the effective tidal deformability Λ˜ as function of q, we
made the same assumptions for the chirp masses and the
component masses for both events. The results for each
EoS, combined with the posterior samples for each event,
are displayed in Fig. 4.
In Fig. 4(a) the blue shaded region indicates the pos-
terior distribution for the event GW170817, taken from
the reanalysis of GW170817 signal [19]. One can observe
similar behavior with the Λ˜− q diagram (Fig. 3(a)). We
notice that the more stiff EoSs predict values beyond the
credible region, contrary to the softer ones. In Fig. 4(b),
the shaded regions correspond to different posterior dis-
tributions for the GW190425 [20]. The difference on the
posterior samples is due to the different waveform mod-
els that were applied in the signal analysis. As it was
mentioned in Ref. [20], the effective tidal deformability
Λ˜ is constrained to 1200 for the low-spin case, leading to
the displayed upper limits for the contours. The explana-
tion behind this behavior is the usage of a uniform prior
distribution for Λ˜ which disfavors the lower values of Λ˜.
By assuming a new flat prior for Λ˜, one can obtain the
proper upper limit of Λ˜ ≤ 600 that we used in the Λ˜− q
diagram. Although this more appropriate assumption is
not visualized in Fig. 4(b), the upper limit for Λ˜ that we
used in our study concerning the event GW190425, is 600
7and not 1200. Under the consideration of the Λ˜ ≤ 600
bound, the constraints that the Λ1 − Λ2 could impose
in case of GW190425, are the same with the respective
Λ˜− q diagram.
In addition, we notice that the first event (GW170817)
provides more stringent constraints on both the transi-
tion density ntr and speed of sound (vs/c)
2 in compare
to the second event (GW190425). Therefore, we expect
that binary neutron stars mergers with lower masses are
more suitable for studying the EoS through the tidal de-
formability.
So far, we used the gravitational-wave detections of
binary neutron stars mergers in order to broaden our
knowledge regarding the speed of sound for the two bor-
derline cases. The study of the effective tidal deformabil-
ity Λ˜ as a function of the binary mass ratio q has been a
very helpful way to exploit the information on the upper
limit of Λ˜, provided by the detection of gravitational-
wave signal, in order to impose constraints on the EoS of
dense matter and the speed of sound. At this point, the
question that arises is the following: Is there a way to
impose more stringent constraints on the speed of sound,
by using the measured Λ˜, so that a specific limit on the
possible values of speed of sound can be obtained? This
was the idea that motivated our study.
In order to answer the question, an alternative diagram
to Λ˜ − q is needed. From Fig. 3 one can see that the
Λ˜ varies within a range of (Λ˜min, Λ˜max) for each EoS.
By combining this remark to the behavior of the M-R
curves in Fig. 1, we observed that the wider variation
on Λ˜ values for each EoS is connected with the bigger
change in the radius (espacially the inclination of the
M(R) curve). Therefore, we studied the range on Λ˜ as a
function of the transition density ntr for each bound case
of speed of sound, i.e. the Λ˜
(1/3,1)
min −ntr and Λ˜(1/3,1)max −ntr
relations.
In Fig. 5 we display the dependence of the effective
tidal deformability Λ˜ on the transition density ntr at
the maximum mass configuration for the two speed of
sound bounds, vs = c/
√
3 and vs = c, and the two events
GW170817 (Fig. 5(a)) and GW190425 (Fig. 5(b)). The
corresponding upper observational limits for Λ˜, as well as
the compatible lower transition density values, are also
indicated in each case. Obviously the predictions on the
bound which considered between the two bounds corre-
spond to the middle region.
One can observe that
(i) The overall thickness decreases as the transition
density ntr grows. The explanation for such behav-
ior lies in the variation of the radiusM(R) presented
with the M-R diagram (see Fig. 1).
(ii) The thickness of each shaded region for the bound-
ary cases that we study, decreases also as the ntr
gets larger values. The explanation is the same as
the previous one (case (i)).
(iii) The shaded areas are shifted in the GW190425
FIG. 5. Dependence of the effective tidal deformability Λ˜ on
the transition density ntr (in units of saturation density n0) at
the maximum mass configuration for the two speed of sound
bounds vs = c/
√
3 and vs = c and for the event (a) GW170817
(top panel) and (b) GW190425 (bottom panel). The corre-
sponding upper observation limits for Λ˜ [19, 20] as well as the
compatible lower transition density values are also indicated
for both events. The red (green) arrow marks the accepted re-
gion of transition density for the vs = c/
√
3 (vs = c) case. The
red lower (green upper) curved shaded region corresponds to
the vs = c/
√
3 (vs = c) limit. The purple intermediate shaded
region indicates the predictions for middle values of speed of
sound bound between the two limits of our study.
event, compared with the GW170817 case, due to
the increment of the masses (component and total)
of the binary system. The same behavior was ob-
served in Fig. 3(b), compared to Fig. 3(a).
In the case of the GW170817 event the lower limit
for the transition density is 1.626n0 for vs = c/
√
3 and
1.805n0 for vs = c. Correspondingly, for the second event
GW190425 the limits are 1.015n0 for vs = c/
√
3 and
8TABLE I. Parameters of the Eq. (15) and Eq. (16) for both events and the various speed of sound bounds.
Speed of sound bounds
GW170817 GW190425
c1 c2 c3 c4 c1 c2 c3 c4
c 500.835 0.258 53.457 0.873 47.821 0.055 10.651 1.068
c/
√
3 503.115 0.325 38.991 1.493 43.195 0.069 5.024 1.950
1.216n0 for vs = c. Obviously the first event imposes
more stringent constraints on the EoS (see also below). In
particular, the value of the speed of sound must be lower
than vs = c/
√
3, at least up to density 1.626n0 (in order
to keep the softness low enough to lead on the prediction
of the tidal deformability). Moreover, the EoS must still
remain casual at least up to density 1.805n0. Greif et
al. [52] remarked that according to the Fermi liquid the-
ory (FLT) the speed of sound must be v2s,FLT ≤ 0.163c2
for n = 1.5n0, meaning that the EoS cannot exceed this
value for n ≤ 1.5n0. This remark is in agreement with
our finding of the lower limit ntr = 1.626n0 for the case
of vs = c/
√
3.
We notice that for the GW170817 event, the upper
limit on Λ˜ can impose stringent constraints on the ntr,
while a lower limit on Λ˜ could provide further informa-
tion. Indeed, such a lower limit is provided both by the
gravitational wave data [18, 19] and the electromagnetic
(EM) counterpart of the merger [53–57]. The usage of the
EM counterpart as a source for a lower limit on Λ˜ > 400
proposed in Ref. [53]. Tews et al. [58] argued that this
limit is not decisive because EoSs with Λ˜ < 400 which
predict even a neutron star with Mmax = 2.6 M, ex-
ist. Later, this value updated to be Λ˜ > 300 [54]. Other
studies suggested different lower values of Λ˜
(EM)
min [56, 57].
Kiuchi et al. [55] articulated the dependence of the lower
limit on Λ˜, derived by the EM counterpart of the binary
neutron stars coalescences, from the binary mass ratio
q, suggested a lower bound of 242. The exact physi-
cal mechanism that describes the dependence of Λ˜(EM)
is still under investigation [53, 55]. Most et al. [59] used
this bound of Ref. [53] and demonstrated its significance
in order to constrain further the tidal deformability Λ˜1.4
and the radius R1.4 of a M = 1.4 M neutron star. For
our case, a lower limit on Λ˜, similar to the proposed val-
ues, could not provide any further constraint, even if we
consider the more optimistic boundary of Λ˜ ≥ 400.
On the other hand, for the second event GW190425,
the bigger masses that characterize it lead to smaller val-
ues on Λ˜, hence the upper limit on Λ˜ cannot provide
any further constraints. On the contrary, we speculate
that a lower limit on Λ˜ would be able to provide con-
straints, especially an upper limit for ntr. If this could
be possible, then the binary neutron stars mergers with
heavy component masses, would suitable to impose con-
straints to the upper limit of ntr through the lower limit
of Λ˜ as provided by the EM counterpart. Unfortunately,
for the GW190425 event such a counterpart was not de-
tected [20, 51].
In addition, we provide in Fig. 5 an expression for the
Λ˜
(1/3)
min and Λ˜
(1)
min boundary curves of the red (lower) and
green (upper) shaded regions, respectively. This expres-
sion provides the lower limit on n
(1/3)
tr and n
(1)
tr , respec-
tively. The expression is given by the equation below,
and the coefficients on the Table I,
Λ˜ = c1 coth
[
c2
(
ntr
n0
)2]
. (15)
Tews et al. [40, 60] noticed (using the Chiral effective
field theory) that the EoS of neutron matter up to twice
the saturation density, requires the violation of the con-
formal limit (vs/c)
2 < 1/3 so that would be stiff enough
to provide a 2 M neutron star. Therefore, the behavior
of the speed of sound for intermediate densities should
be non-monotonous. Regarding the connection between
v2s and Mmax, the highest mass is provided by the stiffest
EoSs, i.e. the higher value of speed of sound. For a
neutron star with Mmax = 2 M at ntr = 2n0, the
lower bound for the maximum value of speed of sound
estimated to be v2s ≥ 0.4c2 [40, 60]. In a very recent
study of Tews et al. [61] for the GW190814 event, it was
mentioned that the maximum speed of sound must be
v2s ≥ 0.6c2 in order to provide a stiff enough EoS.
Subsequently, similar to the previous process which led
to Fig. 5, we constructed in Fig. 6 the range of Λ˜ (shaded
regions) as a function of the maximum mass that each
EoS provides. The goal is to use the effective tidal de-
formability Λ˜ as a variety of (Λ˜min, Λ˜max) in order to im-
pose constraints on the maximum mass for each bound-
ary case of sound speed.
In Fig. 6 we display the dependence of the effective
tidal deformability Λ˜ as a function of the maximum mass
for the two speed of sound bounds and for both events.
The corresponding upper observational limit for Λ˜ (black
dashed horizontal line), the compatible maximum mass
in each case (horizontal arrows), as well as the current
observed maximum neutron star massM = 2.14+0.10−0.09 M
(shaded blue vertical region) are also indicated .
In Fig. 6 is clearly displayed the strong tension be-
tween the predicted maximum mass and the upper limit
of the observed Λ˜. For the first event the upper bound
of Λ˜ is compatible with a maximum mass value 2.106M
for vs = c/
√
3 and 3.104M for vs = c. However, this
limit corresponds to transition density close to the value
1.5n0. Experimental evidence or estimations are against
this value. Consequently, the simultaneously derivation
of the maximum mass combined with the experimental
knowledge that the EoS cannot take this bound of sound
9FIG. 6. The effective tidal deformability Λ˜ as a function of
the maximum mass for the two speed of sound bounds vs =
c/
√
3 and vs = c and for the event (a) GW170817 (top panel)
and (b) GW190425 (bottom panel). The corresponding upper
observation limits for Λ˜ (black dashed lines with arrows, see
Refs. [19, 20]), the compatible maximum mass shaded regions,
for vs = c/
√
3 (left red) case, vs = c case (right green) and the
middle cases (purple), as well the current observed maximum
neutron star mass M = 2.14+0.10−0.09 M (blue shaded vertical
region, see Ref. [23]) are also indicated. The red left (green
right) arrow marks the accepted region of maximum mass
Mmax for vs = c/
√
3 (vs = c) case. The green (red) curved
dashed line describes the fitted Eq. (16).
speed for ntr = 1.5n0, are in contradiction. The upper
limit on Mmax for the case of (vs/c)
2 = 1/3 lays roughly
inside the estimation of the observed maximum mass.
There are two different points of view that antagonize
one another. The constraints derived by the upper limit
on Λ˜ lead to more soft EoSs, contrary to the observa-
tional estimations of the maximum mass of neutron stars
which lead to more stiff EoSs. This difference becomes
less contradictory as the speed of sound takes larger val-
ues, with the causal scenario of vs = c leading to a very
wide area for the maximum mass.
In the case of the second event GW190425, the con-
straints provided by the measured Λ˜ are less stringent,
with a maximum mass value of Mmax ≤ 2.534 M for
vs = c/
√
3 and Mmax ≤ 3.772 M for vs = c. However,
as we mentioned in the Λ˜−ntr diagram, a possible lower
limit on Λ˜ for events with big component masses such as
GW190425, could lead to constraints on the lower maxi-
mum mass.
In addition, we used the data in order to provide an
expression that describes the Λ˜ as a function of the max-
imum mass Mmax. The expression is given by the follow-
ing equation and the coefficients on the Table I,
Λ˜ = c3
(
eMmax − 1
)c4
. (16)
We notice that we choosed the expression in such
form, so that when Mmax → 0 ⇒ Λ˜ → 0.Various stud-
ies suggest an upper limit on the possible maximum
mass Mmax of a neutron star, based on the GW170817
event [62–67]. Raaijmakers et al. [68] by using a joint
analysis of NICER and GW170817 detections, estimated
the maximum mass of a neutron star, for two param-
eterizations: (a) Mmax = 2.26
+0.16
−0.24 M (polytropic
model) and (b) Mmax = 2.13
+0.26
−0.22 M (speed of sound
model). By adapting such an upper bound on the Mmax
in Fig. 6, there is an additional constraint on the be-
havior of the speed of sound. To be more specific,
by taking into consideration the estimated upper limit
Mmax ≤ 2.33 M [62], the case of (vs/c)2 = 1 in Fig. 6(a)
for the GW170817 event should be excluded. On the
contrary, the estimated upper limit Mmax ≤ 2.106 M
for the (vs/c)
2 = 1/3 bound, is a more tight constrain.
Moreover, an upper limit such as Mmax ≤ 2.33 M places
a general upper bound on the possible intermediate val-
ues of speed of sound (intermediate shaded area in the
figure). As for the second event in Fig.6(b), a decisive up-
per limit on Mmax could constrain even the (vs/c)
2 = 1/3
case.
Lastly, we study the relation between the Λ˜ and the
radius of a 1.4 M neutron star, for both events. In
Fig. 7 we display the dependence of Λ˜ on the radius R1.4
of a neutron star with mass M = 1.4 M. At first sight,
the combination of the upper limit on Λ˜ with the speed
of sound bound leads to a limitation on the maximum
values of the radius, especially in the case of vs = c/
√
3.
Moreover, there is a trend between Λ˜ and R1.4, which
was remarked also by Raithel et al. [69], mentioning that
the effective tidal deformability depends strongly on the
radii of the stars rather on the component masses. This
strong dependence is presence in Fig. 7.
In particular, for the GW170817 event the fit curves of
the two limited cases, blue (orange) for the (vs/c)
2 = 1/3
((vs/c)
2 = 1) bound of the speed of sound, are almost
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FIG. 7. The tidal deformability Λ˜ as a function of R1.4 for
both events and boundary cases of speed of sound. The
dashed (dashdotted) horizontal black line corresponds to the
upper limit on Λ˜ for GW190425 (GW170817) event, taken
from Refs. [19, 20]. The grey shaded regions show the ex-
cluded areas. The arrows indicate the allowed values of R1.4
for each case. The purple dotted curve demonstrates the pro-
posed expression by Refs. [70, 71].
identical. The cross marks indicate the specific values
for each case. Since we considerated 4 cases of transition
density ntr, the total number of marks is expected to be 8.
We notice that for ntr = 3n0, the two limits of vs predict
identical values (orange cross). This is well understood
by comparing it with their behavior in Fig. 1 in which,
for the mass range of GW170817 event, their M-R curves
are identical. In addition, one can observe that for bigger
values of Λ˜ the distance between the predicted values of
each case is getting bigger. This behavior is in aggrement
with the general behavior of Λ˜− q curves of Fig. 3(a), in
which the distance between the curves increases for big-
ger values of Λ˜. Since the increment is related to the ntr,
the differentiation for small values of ntr is more obvious,
i.e. the effect of each sound speed’s bound case is easier
to be manifested. The dotted purple line indicates the
approximate relation of Refs. [70, 71]. We underline that
this relation is valid only for the first event and for spe-
cific assumptions on the components’ radii. In particular,
the main assumption of the provided expression consists
on the R1 ≈ R2 relation. By comparing the curves’ be-
havior in Fig. 7 to the M-R curves of Fig 1, we can see
that for smaller values of ntr, i.e. stiffer EoS, (a) the incli-
nation of the curves increases and (b) the differentiation
between the M-R curves of boundary cases is getting big-
ger. By taking into consideration the strong dependence
of Λi from R (see Eq. (14)), combined with the previous
remarks, the deviation of the fitting expression for bigger
values of Λ˜ can be interpeted.
The grey shaded area corresponds to the ecxluded re-
gion due to the upper limit on Λ˜, provided by Ref. [19].
This upper limit on Λ˜ leads to constraints on the ra-
dius R1.4, especially R1.4 ≤ 13.047 km for (vs/c)2 = 1/3
bound and R1.4 ≤ 13.02 km for (vs/c)2 = 1 bound.
These upper limits are consisent to other analyses [18,
57–59, 69, 71–74]. By using the gravitational wave and
electromagnetic parts of the GW170817 event, Burgio et
al. [75] constrained the radious of a 1.5 M neutron star
in the range 11.8 km <∼ R1.5 <∼ 13.1 km. Combining mul-
timessenger information of the GW170817 merger with
the Chiral effective theory, Capano et al. [76] found that
for a density up to twice the saturation density 2n0 the
radius of a 1.4 M neutron star is R1.4 = 11.0+0.9−0.6 km.
A multimessenger based constrain, using the recent ob-
servation of the isolated pulsar PSR J0030 + 0451, led
to R1.4 = 12.1
+1.2
−0.8 km [77]. Recently, a nonparametric-
based approach yielded R1.4 = 12.51
+1.00
−0.88 km [78]. Ad-
ditionally, a recent work combining the Chiral effective
field theory at low densities with observational data from
gravitational waves (GW170817), pulsars and NICER,
estimated the radius of a 1.4 M neutron star to be
R1.4 = 12.54
+0.71
−0.63 km with a maximum mass Mmax =
2.24+0.31−0.23 M [79].
Moving on to the second event, we choosed the R1.4
as a reference for consistency with the GW170817 event.
We notice that the exact mass range of GW190425 event
is still under examination [51]. The red (green) lines
and marks correspond to the (vs/c)
2 = 1/3 ((vs/c)
2 = 1)
bound case. The shaded grey area indicates the ex-
cluded region as a result of the upper limit on Λ˜ [20].
The red and green arrow indicates the allowed region
for each case. For (vs/c)
2 = 1/3 the constraint on the
radius is R1.4 ≤ 14.712 km, while for (vs/c)2 = 1 is
R1.4 ≤ 14.53 km. These constraints are more stringent
comparing to the 15 km and 16 km of Ref. [20]. Di-
etrich et al. [80] performed a multi-messenger analysis
of GW170817 event, in combination to the recent and
less informative GW190425, leading to a more tight con-
straint on the R1.4 radius R1.4 = 11.74
+0.98
−0.79 km. Lastly,
Landry et al. [81] using an nonparametric approach, con-
sidering both events (see also Ref. [78]), concluded to
the estimated value R1.4 = 12.32
+1.09
−1.47 km. Furthermore,
it was found that the joint contribution of gravitational
wave and NICER data favor the violation of the confor-
mal limit (vs/c)
2 < 1/3. It was remarked that the con-
straints on the speed of sound, derived by the joint anal-
ysis, suggest the violation of the confomal limit around
4ρnuc density, where ρnuc = 2.8 × 1014 g/cm3 is the nu-
clear saturation density [81].
Moreover, one can observe that the curves behave sim-
ilar to the first event. For bigger values of ntr the dis-
tance between the points is getting bigger. One of the
main difference between the two events, is that for the
second one, the curves and the points have been shifted to
smaller values of Λ˜. This is due to the bigger chirp mass
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Mc. Also, the fitting lines are more distincted from each
other, contrary to the GW170817 event in which they
were almost identical; but there is a common trend (see
also Ref. [69]). We applied the following fitting expres-
sion
Λ˜ = c1R
c2
1.4, (17)
where R1.4 is in km, similar to the proposed relations of
Refs. [60, 70, 71]. The coefficients for each case are given
in Table II.
TABLE II. Coefficients of Eq. (17) for the two speed of sound
bounds.
Event Speed of sound bounds c1 c2
GW170817
c 0.12357× 10−4 6.967
c/
√
3 0.12179× 10−4 6.967
GW190425
c 0.870× 10−6 7.605
c/
√
3 0.088× 10−6 8.422
We notice that rigorous measurements, or at least con-
straints, on R1.4 may greatly help to gain useful insights
on the speed of sound bounds.
V. CONCLUDING REMARKS
In this work we studied possible constraints on the
speed of sound (stiffness of the EoS) and transition den-
sity ntr which are based on the very recent observations
of the events GW170817 and GW190425. The method
which was implemented involved mainly the upper limits
of the effective tidal deformability Λ˜ (estimated from the
mentioned events), combined with measurements and es-
timations of the maximum neutron star mass. As basis of
our study, we used the APR1-MDI EoS, for two bound-
ary cases of speed of sound [25, 28]; the lower bound of
vs = c/
√
3 and the upper one of vs = c.
Firstly, we examined the behavior of EoSs for each
case, by using the information on the component masses
of GW170817 event in combination with the NICER’s
data. The M-R diagram was able to impose some robust
constraints, by excluding the more stiff EoSs with ntr =
n0. Afterward, the upper limit on Λ˜, from Λ˜ − q and
Λ1−Λ2 diagrams for both events, imposed more stringent
constraints on the speed of sound cases. Especially, the
constraints from the first event (GW170817), which is
more informative than the second one (GW190425), led
to the additionally exclusion of EoSs with ntr = 1.5n0.
Subsequently, we introduced a new way to investigate
and impose possible constraints on the transition den-
sity ntr by using the upper limit on Λ˜ (derived from
gravitational-wave observations) and taking advantage
of the variety on Λ˜ for each EoS. In order to achieve
that, we treated the transition density ntr as a func-
tion of Λ˜
(1/3,1)
min,max, where the parenthesis (min,max) de-
notes the minimum and maximum case respectively, for
both sound speed bounds (indicated as (1,1/3)). From
the first event (GW170817) we found that the speed of
sound must be lower than the value vs = c/
√
3 at least
up to densities ntr ≈ 1.6n0 and lower than vs = c up
to densities ntr ≈ 1.8n0. The respective values derived
from the GW190425 event are ntr ≈ n0 for the lower
speed of sound bound and ntr ≈ 1.2n0 for the upper
one. It is worth to point out that the event GW170817
offered more stringent constraints than the second one
(GW190425).
Moreover, we extended our approach by treating the
effective tidal deformability Λ˜ as a function of the max-
imum mass Mmax for both cases of speed of sound.
From the first event (GW170817) we obtained that the
maximum mass should be Mmax ≤ 2.106 M for the
vs = c/
√
3 bound and Mmax ≤ 3.104 M for the upper
bound vs = c. The limit of Mmax ≈ 2.11 M corresponds
to a transition density equal to ntr ≈ 1.5n0. According
to this finding, the limit vs = c/
√
3 is in contradiction
with the observational evidence on the Mmax of neutron
stars and must be violated in order to be able to simul-
taneously describe small values of the effective tidal de-
formability and high values for neutron star mass. This
contradiction lays into the antagonized points of view;
the upper limit on Λ˜ favors softer EoSs leading to higher
values of ntr, while the observational information regard-
ing to the maximum mass Mmax of a neutron star re-
quires stiffer EoSs, leading to smaller values of ntr. This
contradiction blunts as the speed of sound takes larger
values, leading to a maximum mass Mmax ≈ 3.1 M for
the causal case vs = c. We notice that the second event
GW190425, was not able to offer further constraints.
Lastly, we studied the effective tidal deformability Λ˜ as
a function of the radiusR1.4 of a 1.4 M neutron star. All
the EoSs follow a common trend, which is affected by the
value of the chirp mass Mc of the binary system; higher
values ofMc shift the trend downwards. From the event
GW170817 we obtained an upper limit R1.4 ≈ 13 km
for both cases, which is consistent to other estimations.
The event GW190425 provided an upper limit R1.4 ≈
14.712 km for the vs = c/
√
3 bound and R1.4 ≈ 14.53 km
for the vs = c bound.
We postulate that future observations may offer even
more rigorous constraints on the bound of the speed of
sound. To be more specific, the detection of future events
could provide further information on the upper limit of
Λ˜, leading to more stringent constraints on ntr and the
sound speed bounds. According to our approach, the
more informative events, for the lower limit of ntr, would
be those with lighter masses. Also, it will be of great in-
terest to impose constraints from the maximum value of
the lowest limit of Λ˜. In this case, a lower limit derived
from the EM counterpart of the events might be able to
lead to the estimation of an upper value on the transition
density ntr where the two speed of sound bounds must
be reached. We assume that despite the difficulties on
the detection of the EM counterpart, the heavier neu-
tron stars mergers could be more informative since they
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could impose an upper limit on ntr, than the lighter ones.
Moreover, further detection of neutron stars mergers will
assist both on the neutron stars maximum mass determi-
nation and its link to the speed of sound. Similarly, these
detections will provide further information on the radius
of neutron stars and it remains an open question its con-
nection to the speed of sound bounds and the possible
gain in their understanding.
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